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Chapter

Famous Theorems

CAUCHY-SCHWARZ’s-Inequality
(ax + by)? < (a® + b?>)(x? + y?); a,b,x,y ER

(ax + by + c2)? < (@®> + b?> + c®)(x®* + y?> + z%); a,b, ¢, x,v,Z ER
2

n n n
(Z aixi> = (2 aiz) (Z xiz);ai,xi eERieln

i=1 i=1 i=1

a? b a+ b)?
4 u ;a,b € R;x,y € (0,0)
X y x+y
a2 b%2 2 (a+b+c)?
—+—+—>————;a,b,ceR;x,y,z € (0,)
x Yy z xX+y+z
a b c¢_(a+b+c)?
—toto2— b1,z € (0,)
X y z ax+by+cz
az az 2 a,t+a, +--+a z
242 ”2(1 3 n) ;a; ER;x; > 0;i €1,n
X1 Xy Xn X1+ x, + - + Xn
a b
\v4 €
b+c+c+a+a+b_2 (V)a, by € (0, )
a b c 3

b,c € (0 € N*
b+nc+c+na+a+nb_ +1a c€(0,);n

MINKOWSKI's-Inequality

Jo+ )2+ (y +b)2 < /x2+y2 ++a? + b2
Ja+y+2)2+@+b+0)? <Vx2+a?+y2+b%+/z2 +c?
Ja+a)2+@+b)2+(z+c)2<Jx2+y2+22++/a?+b? + 2

V0t a)? + O + az)? + -+ (tn + ay)?

sfo+x§+---+x§+\]a§+a§+---+a§
xl-;al-E]R;iel,_n;nEN*
1 1

n 5 n 5 n %
(Z|xi+yi|p> s(lem’) +<Z|yi|f’>
i=1 i=1 i=1

p>1;x,y, €ER;iel,n;neN
7




Chapter
Questions

1. Find the minimum of the expression:

_4ab - 11a? — 14b?
B 3(a? + b?)

;a,b € R*

2. Prove that if a, b, ¢ € (0, ) then:

1 1 3
2.7 - )>
2016a? + 2015b% 2016a? + 2015h2 4031

3.Prove thatifa,b,c € (0,0);me R*,a+b+c = %then:

Jym2a+1+ym?b+14ymic+1<4

4. Prove thatifa,b,c € (i,m);k> O,i+%+%= 2k then:

Vka—1+Vkb—1++Vkc—1>Va+b+c

5.Prove thatifx,y,z> 0;t € R;n €N, x + y + z = 6t then:

xJy+n+yz+n+zyx+n <V3(6t? + 3n+ 1)

6. Prove thatifx,y,z> 0six +y + z = 2 then:

xfy+1+yJz+1+zVx+1<2V3

7.Prove thatifa, b, c,d € (0,x); i + % + % = i then:

(a+b)(b+c)(c+a) P
(a—-d)(b—d)(c—d) —

8. Prove that if a, b, ¢ € (0, ) then:

(1+1><1+1><1+1>+ 1 - 81
a b/\b c¢/\c a/ abc” (a+b)(b+c)(c+a)+ abc
28



Chapter

Solutions

1. Find the minimum of the expression:

_4ab - 11a? — 14b?

.a,b € R*
3@+ b2) "

Proof:

_4ab — 11a? — 14b? 3 4a? + b? + 4ab — 15a% — 15b2 Q

B 3(a? + b?) B 3(a? + b?) Y
_ (2a+b)?>-15(a?+b?) _ (2a+b)? _
- 3(a2+b2) " 3(a2+b2)

5

> -5 minE=-5for2a+b=0

2. Prove thatif: a, b, ¢ € (0, ©) then:

1 1 3
2. » )>
2016aZ + 2015b% ' 2016a? + 2015b%) ~ 4031

Proof:
a? N b? S (a+ b)? 1  (a+b)? S 1
2016a? + 2015b%2 * 2016b2% + 2015a% = 4031(a? + b%) = 4031 a?+ b2 4031
2
because S:bb)z >1; (a+b)? > a?+b?a?+2ab + b?> > a? +b%2ab >0
Analogous:

a? N c? S 1

2016a? + 2015c¢2  2016¢2 + 2015a2%2 = 4031
b? c? 1

2016b? + 2015¢2 + 2016¢? 4+ 2015h2 > 4031

1 1 3
2. : )>
2016a? + 2015b% * 2016a? + 2015h2 4031

3. Prove thatif:a,b,c € (0,0);me R ,a+b+c= %then:

Jym2a+1+ym?b+1+mic+1<4
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