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Famous Theorems 
 

 
 

CAUCHY-SCHWARZ’s-Inequality 
ݔܽ)  + ଶ(ݕܾ ≤ (ܽଶ + ܾଶ)(ݔଶ + ;(ଶݕ  ܽ, ܾ, ,ݔ ݕ ∈ ℝ  (ܽݔ + ݕܾ + ଶ(ݖܿ ≤ (ܽଶ + ܾଶ + ܿଶ)(ݔଶ + ଶݕ + ;(ଶݖ  ܽ, ܾ, ܿ, ,ݔ ,ݕ ݖ ∈ ℝ ൭෍ ܽ௜ݔ௜௡

௜ୀଵ ൱ଶ ≤ ൭෍ ܽ௜ଶ௡
௜ୀଵ ൱ ൭෍ ௜ଶ௡ݔ

௜ୀଵ ൱ ; ܽ௜, ௜ݔ ∈ ℝ, ݅ ∈ 1, ݊ ܽଶݔ + ܾଶݕ ≥ (ܽ + ܾ)ଶݔ + ݕ ; ܽ, ܾ ∈ ℝ; ,ݔ ݕ ∈ (0, ∞) ܽଶݔ + ܾଶݕ + ܿଶݖ ≥ (ܽ + ܾ + ܿ)ଶݔ + ݕ + ݖ ; ܽ, ܾ, ܿ ∈ ℝ; ,ݔ ,ݕ ݖ ∈ (0, ∞) 
ݔܽ + ݕܾ + ݖܿ ≥ (ܽ + ܾ + ܿ)ଶܽݔ + ݕܾ + ݖܿ ; ܽ, ܾ, ܿ, ,ݔ ,ݕ ݖ ∈ (0, ∞) ܽଵଶݔଵ + ܽଶଶݔଶ + ⋯ + ܽ௡ଶݔ௡ ≥ (ܽଵ + ܽଶ + ⋯ + ܽ௡)ଶݔଵ + ଶݔ + ⋯ + ௡ݔ ; ܽ௜ ∈ ℝ; ௜ݔ > 0; ݅ ∈ 1, ݊ ܾܽ + ܿ + ܾܿ + ܽ + ܿܽ + ܾ ≥ 32 ; (∀)ܽ, ܾ, ܿ ∈ (0, ∞) ܾܽ + ݊ܿ + ܾܿ + ݊ܽ + ܿܽ + ܾ݊ ≥ 3݊ + 1 ; ܽ, ܾ, ܿ ∈ (0, ∞);  ݊ ∈ ℕ∗  

MINKOWSKI’s-Inequality 
 ඥ(ݔ + ܽ)ଶ + ݕ) + ܾ)ଶ ≤ ඥݔଶ + ଶݕ + ඥܽଶ + ܾଶ ඥ(ݔ + ݕ + ଶ(ݖ + (ܽ + ܾ + ܿ)ଶ ≤ ඥݔଶ + ܽଶ + ඥݕଶ + ܾଶ + ඥݖଶ + ܿଶ ඥ(ݔ + ܽ)ଶ + ݕ) + ܾ)ଶ + ݖ) + ܿ)ଶ ≤ ඥݔଶ + ଶݕ + ଶݖ + ඥܽଶ + ܾଶ + ܿଶ ඥ(ݔଵ + ܽଵ)ଶ + ଶݔ) + ܽଶ)ଶ + ⋯ + ௡ݔ) + ܽ௡)ଶ≤ ටݔଵଶ + ଶଶݔ + ⋯ + ௡ଶݔ + ටܽଵଶ + ܽଶଶ + ⋯ + ܽ௡ଶ ݔ௜; ܽ௜ ∈ ℝ; ݅ ∈ 1, ݊ ; ݊ ∈ ℕ∗ 

൭෍|ݔ௜ + ௜|௣௡ݕ
௜ୀଵ ൱ଵ௣ ≤ ൭෍|ݔ௜|௣௡

௜ୀଵ ൱ଵ௣ + ൭෍|ݕ௜|௣௡
௜ୀଵ ൱ଵ௣ ݌ > 1; ,௜ݔ ௜ݕ ∈ ℝ; ݅ ∈ 1, ݊; ݊ ∈ ℕ∗ EDITURA P
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Questions 
 

 
 

1. Find the minimum of the expression: 
ࡱ  = ૝࢈ࢇ − ૚૚ࢇ૛ − ૚૝࢈૛૜(ࢇ૛ + (૛࢈ ; ,ࢇ ࢈ ∈ ℝ∗ 

 
2. Prove that if ࢇ, ,࢈ ࢉ ∈ (૙, ∞) then: 
 ෍ ૛ࢇ ൬ ૚૛૙૚૟ࢇ૛ + ૛૙૚૞࢈૛ + ૚૛૙૚૟ࢇ૛ + ૛૙૚૞࢈૛൰ > ૜૝૙૜૚ 
 
3. Prove that if ࢇ, ,࢈ ࢉ ∈ (૙, ∞); ࢓ ∈ ℝ∗, ࢇ + ࢈ + ࢉ = ૛࢓૛ then: 
 ඥ࢓૛ࢇ + ૚ + ඥ࢓૛࢈ + ૚ + ඥ࢓૛ࢉ + ૚ ≤ ૝ 
 

4. Prove that if ࢇ, ,࢈ ࢉ ∈ ቀ૚࢑ , ∞ቁ ; ࢑ > 0, ૚ࢇ + ૚࢈ + ૚ࢉ = ૛࢑ then: 
ࢇ࢑√  − ૚ + ࢈࢑√ − ૚ + ࢉ࢑√ − ૚ ≥ ࢇ√ + ࢈ +  ࢉ
 
5. Prove that if ࢞, ࢟, ࢠ ≥ ૙; ࢚ ∈ ℝ; ࢔ ∈ ℕ, ࢞ + ࢟ + ࢠ = ૟࢚ then: 
 ࢞ඥ࢟ + ࢔ + ࢠ√࢟ + ࢔ + ࢞√ࢠ + ࢔ ≤ √૜൫૟࢚૛ + (૜࢔ + ૚)࢚൯ 
 
6. Prove that if ࢞, ࢟, ࢠ ≥ ૙ și ࢞ + ࢟ + ࢠ = ૛ then: 
 ࢞ඥ࢟ + ૚ + ࢠ√࢟ + ૚ + ࢞√ࢠ + ૚ ≤ ૛√૜ 
 
7. Prove that if ࢇ, ,࢈ ,ࢉ ࢊ ∈ (૙, ∞); ૚ࢇ + ૚࢈ + ૚ࢉ = ૚ࢊ  then: 
ࢇ)  + ࢈)(࢈ + ࢉ)(ࢉ + ࢇ)(ࢇ − ࢈)(ࢊ − ࢉ)(ࢊ − (ࢊ ≥ ૛ૠ 

 
8. Prove that if ࢇ, ,࢈ ࢉ ∈ (૙, ∞) then: 
 ൬૚ࢇ + ૚൰࢈ ൬࢈૚ + ૚ࢉ൰ ൬૚ࢉ + ૚ࢇ൰ + ૚ࢉ࢈ࢇ ≥ ૡ૚(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ +  ࢉ࢈ࢇ
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Solutions 
 

 
 

1.  Find the minimum of the expression: ࡱ = ૝࢈ࢇ − ૚૚ࢇ૛ − ૚૝࢈૛૜(ࢇ૛ + (૛࢈ ; ,ࢇ ࢈ ∈ ℝ∗ 

Proof: ܧ = 4ܾܽ − 11ܽଶ − 14ܾଶ3(ܽଶ + ܾଶ) = 4ܽଶ + ܾଶ + 4ܾܽ − 15ܽଶ − 15ܾଶ3(ܽଶ + ܾଶ) = 

= (ଶ௔ା௕)మିଵହ൫௔మା௕మ൯ଷ(௔మା௕మ) = (ଶ௔ା௕)మଷ(௔మା௕మ) − 5 ≥ −5,      min ܧ = −5 for 2ܽ + ܾ = 0 

 

2. Prove that if: ࢇ, ,࢈ ࢉ ∈ (૙, ∞) then: ෍ ૛ࢇ ൬ ૚૛૙૚૟ࢇ૛ + ૛૙૚૞࢈૛ + ૚૛૙૚૟ࢇ૛ + ૛૙૚૞࢈૛൰ > ૜૝૙૜૚ 

Proof: ܽଶ2016ܽଶ + 2015ܾଶ + ܾଶ2016ܾଶ + 2015ܽଶ > (ܽ + ܾ)ଶ4031(ܽଶ + ܾଶ) > 14031 ∙ (ܽ + ܾ)ଶܽଶ + ܾଶ > 14031 

because (௔ା௕)మ௔మା௕మ > 1; (ܽ + ܾ)ଶ > ܽଶ + ܾଶ, ܽଶ + 2ܾܽ + ܾଶ > ܽଶ + ܾଶ; 2ܾܽ > 0 

Analogous: ܽଶ2016ܽଶ + 2015ܿଶ + ܿଶ2016ܿଶ + 2015ܽଶ > 14031 ܾଶ2016ܾଶ + 2015ܿଶ + ܿଶ2016ܿଶ + 2015ܾଶ > 14031 

෍ ܽଶ ൬ 12016ܽଶ + 2015ܾଶ + 12016ܽଶ + 2015ܾଶ൰ > 34031 

 

3. Prove that if: ࢇ, ,࢈ ࢉ ∈ (૙, ∞); ࢓ ∈ ℝ∗, ࢇ + ࢈ + ࢉ = ૛࢓૛ then: ඥ࢓૛ࢇ + ૚ + ඥ࢓૛࢈ + ૚ + ඥ࢓૛ࢉ + ૚ ≤ ૝ 
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