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CapitOlul
Metoda SOS

,,Cénd apare un om destept pe lume, pori si-|
recunosti dupa faptul ca toyi prostii 1l urasc.”
Bisanne de Soleil

Sunt adevarate afirmatiile:

a’ >0, Vae R, cu egalitate pentru a=0.

(a-b)* >0, Va, be R, cu egalitate pentru a=b.
a’+b’+c’>ab+bc+ca, Va, b, ce R, cu egalitate pentru a=b=c.
(a+b+c)”>3(ab+bc+ca), Va, b, ce R, cuegalitate pentru a=b=c.

2 a>0 : . _b
ax“ +bx+c=>0, Vxe R < , CU egalitate pentru A=0 si x=—.
A<O0 2a

a<x<b&(x—a)(x—b)<0, cuegalitate daci x=a sau x=b.
a3+b3+c3—3abc:(a+b+c)(a2+b2+c2—ab—bc—ca), Va, b, ce R.

a’ +b’+c®>3abc, Va, b, =0, cu egalitate pentru a=b=c.
a+b’+c*>a+b+c Va b, ¢>0 si abc=1, cu egalitate pentru a=b=c=1.

(a+b+c)(§+%+lj29, Va, b, >0, cu egalitate pentru a=b=c.
c

Tn continuare sunt propuse aplicatii ce pot fi rezolvate folosind inegalitatile de mai
sus.

Sa se arate ca n orice triunghi ABC sunt adevirate inegalitatile:

8s’
? .
Mathematical Reflections, Titu Andreescu, Dallas, SUA
8s°
R

1.1. a) Z‘ 3a’ - 2p? ‘-maz

b) Y| 2a° ~b’ |- m, >
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2 2
c) Z‘ (n+1)a’ —nb’ ‘~maz4(n+2)-%2%, unde0<n<2.

2
d) Z‘xaz—yb2 ‘-ma2|x—y|-%,unde2x23y20.

2

€) Z‘ 3a2—2b2‘-(mo+mc)216: :
16S°

f)Z‘ 2a2—b2‘~(mo+mc)2 ~

2

9) Z‘ (n+1).512—nbz‘-(mo+mc)216S ,unde -2<n<2.

2
h) Z‘ xaz—ybz"(mo+mc)2| x—y|-%,unde 2x >3y > 0.
2
i) Z‘ 3a2—2b2‘-(m] +kn1c)2(1+k)%, unde A >1.

2
) Z‘ 2a’ —bz"(ma +km)2(1+k)%, unde A > 0.

2
k) Z‘ (n+1)a2—nb2"(mo +kn1c)2(1+k)%,unde -2<n<2siA=n-1.

2

) Z‘ xaz—yb2‘~(n1o+kn1c)2|x—y|-(1+n)%, unde (1 + A)x> (2 +A)y=0si

A>0.
Dezvoltari, Marin Chirciu

1.2. 1 + 1 + 1 >3.

(cos A+cosB)® (cosB+cosC)”  (cosC+cosA)’
D.M. Batineru-Giurgiu si Neculai Stanciu

13. a) — ma+_n}+mc_ S 24r.
sin® A+sin“B+sin“C

Geor ge Apostol opoul os, Messolonghi, Grecia
_ MMM 5 oR>ar,
sin® A+sin“B+sin“C
a(b+c) N b(c+a) N c(a+b)

1.4. a) >8.
bc~cosZé ca-coszE ab-cosZE
2 2 2
Daniel Staru
a(b+c b(c+a c(a+b
y 200 blora) | clard) |,
bc-sin®— ca-sin®’— ab-sin’ =
2 2 2
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a(b+c) b(c+a) c(a+h)
- + - + -
bc-sin? A ca-sinB  ab-sin’C
a(b+c) . b(c+a) N c(a+b)
bc-sinA ca-sinB ab-sinC
a(b+c) N b(c+a) N c(a+b) , 16
bc-sin® A ca-sin®*B  ab-sin®C J_'
a(b+c) b(c+a) c(a+b) _32
——+——— 4 — >,
bc-sin* A ca-sinB  ab-sinC 3

>8.

>4.3.

Dezvoltari, Marin Chirciu
15. a) Z C > 4857, George Apostolopoulos, Messolonghi, Grecia
tg* 2 +tg -
b) > ‘ +ne? C>48SZ,unden20.
tg’ E+ ntg’ >

2
16, R_ >Z (a b)
8S a+b )(p—b)(a+b+2¢c)

Neculai Stanciu, Buziu si Titu Zvonaru, Comanesti
1.7. Aratati ca in orice triunghi ascutitunghic au loc urmatoarele relatii:
a b? ¢
a) < pR
tgB+1tgC th+tgA tg A+tgB "~

Daniel Staru
a . b? N c
ctgB+ctgC ctgC+ctgA ctgA+ctgB
a’cos(B-C)
<4pR.
9 Z smA P

3 sec A+tg£‘
1.8. aH(H ctgz—j 3>Z—2. Kevin Soto Palacios, Huarmey, Peru

2

<3pR.

sin A
1.9. a) Y.mer, = p?(R+4r)—r(4R+r)’.

rbrc I’Cl’a rarb rp

1.10. fa A + "o + fe c >2./3s. Hoang Le Nhat Tung, Hanoi, Vietnam

sin— sin— sin—
2
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S L g
NN NS TR TR T

Nguyen Viet Hung, Hanoi, Vietnam

1.11. a)

1 1 1 1 1 1
b) —m+—+—< + +
ra r.b rc \/E ho hc
1 1 1_1 1 1 1 1 1_1 1 1
) S+5+525+5+ d s+5+525+5+=5
ra I’b rc ha ho hc ra rb rc ha ho hc
1 1 1_1 1 1 1 1 1 1 1 1
e) —4+—4+—42—4+—4+—4 f)—n+—n+—nZ—n+—n+—n,n€ N.
ra I’b rc ha ho hc ra rb I’c ha ho hc

1.12. a) @'’ +b°c* +c’a’ = p° + p* (3r? —12Rr ) +3p™r* +r° (4R+1)’.
b) a®h’® +b’c’ +c’a’ 216r° (68R° —69R’r +30Rr* —4r®) .

c) a’b’ +b’c® +c’a’ > 648R°r’. Seyran |brahimov, Maasilli, Azerbaidjan
1.13. a) Sa se arate ca pentru orice X € R exista un triunghi ABC avand lungimile

laturilor c= AB=+/2X> —2x+3, b= AC=~/2x* +2x+3, a=BC=+/8x*+10.

b) Aria triunghiului ABC este un numar irational care nu depinde de x.
luliana Tragca, Scornicesti

c) Aratati ca pentru orice x € R exista un triunghi ABC avand lungimile laturilor

c=AB=\ox’*—ox+B, b=AC= ox’+ox+B, a=BC=+40x’+7y, unde

o, B, v>0, a+y=4B si a<4y.
d) Aria triunghiului ABC nu depinde de x.
Marin Chirciu

1.14. Zsin Asin BcosC S%, in triunghiul ascutitunghic.
Neculai Sanciu, Buziu si Titu Zvonaru, Comanesti
a 2R—r

1.15. ) > = Mehmet Sahin, Ankara, Turcia
2 +r? S

3R
)Zho+hc 25’ 2 Z_< rb_r'

1.16. a) 42”1)”%—‘“?2%3 P> +r(4R+T).

Bogdan Fustei, Romania
b) 4> mm, —4rzr‘;is P’ +5r (4R+T).

r 3 r 3R
1.17. a <6Rr» 2. <) a <—.
)Zma Zbc b) 2R bc ™~ 8r?
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c) >.m <3R zbc'
e) z%sz&.

118. 4(IZ+12 +12)<(a+b+c)’.

INEGALITATI GEOMETRICE

h, 3
d —<) 2< =,
)2R Zbc 4r

)_<Z Zb?f?

Nguyen Viet Hung, Hanoi, Vietnam

119, a) Ah, Bl G Mustafa Tarek, Cairo, Egipt
Wa(ra+ha) Wb(rb+hﬂ) WC(rC+h°)
b) Wa(ra+ha)+vvb(rb+h‘3)+W°(r°+h°)29 Mustafa Tarek, Cairo, Egipt
Al -h, Bl -h, Cl-h,
9 w, (r,+h,) Wb(rb+ho)+ L (1 +hc) L AR
Al ha Bl h(J Cl - hC r '
Al -h BI -h, CI -h, s 2r '
0 QSwa<ra+ha>+wb<rb+m>+wo<fc+hc>g%.
Al -h, Bl -h, Cl-h, 2r
1 P’ +(4R+1)° 1 PP +r’ +4R
120 3) Y = b) > = '
tan2 4+ tan B 4Rp cot 2+ cot 2 4Rp
2 2 2 2
9y A1 - Al - >3, Daniel Staru
tan—+tan— cot—+ cot—
2 2 2 2
1 P21’ +4Rr 1 pi+r -8R
)y 7 92 } |
1—tanétanE ARY cot—cotE—l 4R
2 2 2 2
1 1
n> * A =3

1—tanétanE
2 2

1.21. (a+b-c)(b+c-a)(c+a-

-C

1.22. |, <2Rcos’ ?cos B

a b c

3
1.23. a)—+—+—<2\/_( j .
m m m 2r

1—cot—cotE
2 2

b)<abc. Florentin Visescu

<m,.

George Apostolopoulos, Grecia



CapitOlul

Substitutiile lui Ravi

,,Unica lecyie pe care o invdtam la istorie este
ca nimeni nu Tnvaya nicio lectie din istorie.”
George Bernard Shaw

Propozitie
Numerele a, b, ¢ sunt lungimile laturilor unui triunghi daca si numai daca exista

X, Y, ze R astfel incdt a=y+z, b=2z+x, c=x+y. (Substitutiile lui Ravi)

Demonstratie
Necesitate: Daca a, b, ¢ sunt lungimile laturilor unui triunghi, atunci:
b+c—a>0,c+a-bh>0 a+b-c>0 si x=b+;_a, y=C+g_b, z=a+2_C

verifica x, y, ze R: astfel incAta=y+z, b=z+x, c=x+y.

Suficienta: Dacd a=y+2z, b=z+x,c=x+Yy, unde XV, ze Ri, rezulta ca
a,b,c>0si a+b>c, b+c>a, c+a>b, deci a, b, ¢ sunt lungimile laturilor unui
triunghi.

In concluzie, daca a, b, ¢ sunt lungimile laturilor unui triunghi, atunci pentru orice
inegalitate de forma F(a, b, ¢, p, R, r, S) >0 exista inegalitatea duala F’(x, y, z) >0,

unde x=p—-a,y=p-b, z=p-c R=(x+y)(y+z)(z+x) r= Xyz

afxyz(x+y+z) X+y+z'

S =/xyz(x+y+2z). Si, reciproc, pentru orice inegalitate de forma G(x, y, z)=0

existd inegalitatea duala G’(a, b, c, p,R, r,S)>0, unde p, R, r, S reprezinta

semiperimetrul, raza cercului circumscris, raza cercului inscris si, respectiv, aria
triunghiului cu laturile de lungimi a, b, ¢ si a=y+z, b=z+x, c=x+Yy.
Tn continuare sunt propuse aplicatii ale metodei duale.

Sa se arate ca n orice triunghi au loc inegalitatile:

2.1. H(\/EM/E—\/E) > J[J(b+c-a). Lucian Stamate, Bucuresti
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2.2. a) r—a+r—b+r_023[3ﬁ_1}

L r.r r
r2 r? r? 8r

b) %+L2+L2+—27. RMM 8/2019, Rahim Shahbazov
., r. r, R
2 2 2

0) %+i+%+ﬂ2n+3' unde n < 4.
b r. r. R
3 3 3

d) r_a3+i+r_03+ﬂ2n+3,undens6.
b r.or, R

4 4 4
Bl [ B) f[ %] 42543 unden<s.
r r, r, R

5 5 5
f) (Ej +(r_J +[r—°J +ﬂ2n+3,undenS10.
r, I, r, R
3

RMM 8/2019, Rahim Shahbazov

3 3 3

oo 9nr 27
h) &+ +S+ >n+3,unde n<—.

Koo 4R+r 4

’ 2(4R+1)’ 1

b c a 3p2
n(4R+r)’
), £+r—b+r—°2i/(—2)+27—3n , unde 0 <n<27.
r.b rc ra p
r, rn o 4r .
k) —+—+—+325. RMM 8/2019, Rahim Shahbazov
I’.b c a

) r—""+r—b+r—°+ﬂ2n+3,unden32. m) &+E+E23 3,/9—£—1 .
r, r..r, R h, h. h R

2 2
p) _a+r_b+r_cgi(5) _Z r) 5_£< ra +r_b+r_csi(5j _Z.
L r. r, 3{r 3 L r. r, 3Q{r 3
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2.3. Fiex,y,z>0. Ariatati ca:
2 (x+y)2(y+z)2(z+x)2 64

5 >—XyzZ. Jalil Hajimir, Toronto, Canada
(x+y+2) 27
3
3
b) (x+y)(y+2z)(z+x) 2(xyz)2.
8(x+y+2)

24. a) h+h +h <r +r +r,.
2

b) p\/§Sra+rb+rcS§—.
r
GM 11/1971, Al. Popescu-Zorica, OIM 1971, SHL

2 2 2

NIRES SR
25 _8fbte _,NLFHFL
Ja? +b? +¢? r,+n+r =3r

JBMO TST 2012, Turcia

2.6. a + b + ¢ +%32.

b+c c+a a+b
1 1 1 <ab+bc+ca

10(|o—a)Jr 10(|o—b)Jr p(p-c)  45°

1 1 1 /R
> -
2.8. A+ B+. C_4 -

sin— sin— sin
2 2

2.9. a) b+jg—a+c+j6—b+a+\7€—c > [3(a+b+c).

b+c-a c+a-b _a+b-c_ [3(a+b+c)
+ + >
Ja+c  “b+a o Je+b 2

2.7. 100 Problems

b)

RMT 4/2014, Andi Gabriel Brojbeanu, Targoviste
b+c-a c+a-b a+b-c_ [3(a+b+c)
Ja+nc +b+na +c+nb n+1

d) ,unde0<n<2.

Dezvoltare, Marin Chirciu

e)\/ a +\/ b +\/ ¢ <R V. Nicula, 2014
b+c-a c+a-b at+b-c r
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Inegalitatea lui Bergstrom;
Cauchy—Buniakovski—Schwarz

,,Cea mai distrugatoare explozie este
explozia de entuziasm la un prost.”

Inegalitatea Cauchy—Buniakovski—Schwarz
Daca a, a,, ..., , si b, b,, ..., b, sunt numere reale, atunci are loc inegalitatea:

(b +ab, +..+ab,)’ <(a? +a} +..+a2) (b +b +..+b?).

Egalitatea are loc daca si numai daca b, =7a,, b, =Aa,, ..., b, =Aa, ,cu Ae R.

Corolar
i) Dacid a, b, x, y sunt numere reale si X, y >0, atunci:

2 2 2
a_+b_2(a+b)
X Yy X+Yy

, CU egalitate daca si numai daca

> | ©
< |oT

ii) Daca a, b, c, X, y, z sunt numere reale si x, y, z>0, atunci:

2 2 2 2
a‘ b ¢ a+b+c
_+_+_2¥
Xy z X+y+1z

, CU egalitate daca si numai daca

> |

c
S

VvV < |T

iii) Daca a,, a,, ..., a,, X, X, ..., X, sunt numere reale si X, X,, ..., X, >0, atunci:

2 g’ 2 +a,+..+a )
i+ﬁ+...+iz(al 2 ")
X, X X, X, + X, +.+ X,
. . . a a
cu egalitate daca si numai daca 4 % _ =,
X X X,

Corolarul este inegalitatea lui Bergstrom.

Tn continuare sunt propuse aplicatii ce pot fi rezolvate folosind inegalititile de mai
sus.
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N L I L
b) .- Jab+c) s\/12R(rjm+1 +™ ™) unde m e R.
c) > hI -mg\/$-2h§m” ,unde m e R.
d) Y hy .Ws\/M.(hjmhhgm*uhfmﬂ) ,unde m € R.

2 2
e) Shr-vb+c <\/L+4Rr S undem e R.

f)Zam~\/b+c<\/p +r°—2Rr > @™ undeme R.

m 2m+1
9) Z(cos—cos%) sin% s\/Z-Z(cos%cos%j ,undem e R.

hy > (Re)" Jh(n +1) <46-3 (Lr)™, unde me R.

3.2. a) Jbc(p—a)+,/ca(p—b)+,jab(p—c)<3R/p.
Gh. Szollosy, Sighetu Marmayiei

b) \Jbc(p—a)+,fca(p-b)+/ab(p—c)<2(R+r)y/p.

3.3. a) avb +byc+cva <3R\2p. Daniel Sitaru
b) avb +byc +cva<2(R+r)./2p.
c) avb +bye+cv/a<2(R+r)\2p <3R\2p.

d) avb+c+bct+a+cva+b<4(R+r)p<6Rp.

e) > avb+nc<2(R+r)/2(n+1)p <3R,2(n+1)p, unden=>0.

(2}

Sln—
34. a) Y ——2— _2(5—1j
sm—sm r
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A
COS—
2(4R+r1 18r 1 2
35.2) Y BZC= ( ) b) <3 As—p.
COSECOSE P P COS— r

B C
ctg—ctg
b+c c+a a+b  P'+p*(2r'—10Rr)+r?(4R+r)(2R+r)
2 0 8pR?r? '
b+c c+a a+b_ 2

4 + >

3.8. a)

b > .
) a’ b ¢® 3R’
D.M. Batinefu-Giurgiu, Bucuresti si Neculai Stanciu, Buzau
2
g0 Lyt ), 108
m,2 m, m, 5p°-3r°-12Rr
2 2 2
b) m{i+i+LJ >24/3. Nguyen Viet Hung, Hanoi, Vietnam
a+b+c (m;, m m

gL , 1 1 . 36
m,+m, m +m, m+m ) 7p>—5r>—20Rr’

C
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2 2 2
d)a+b+c[ S JZ\@'

at+b+c (m +m, m+m, m +m,

o [yt " 108

m, +Am, ) (5A° +110+5) p* —(3A° + 9% +3)r® — (12A% + 36 +12)Rr
unde A = 0.
a2+b2+cz( 1 1 1 j>2\@

+ + >
at+b+c (m +Am;, my+Am, m +im, ) 1+A

,unde A >0.

3.10. a) Z\/COS AsinBsinC SS\E , In triunghiul ascutitunghic.

George Apostolopoulos, Messolonghi, Grecia

b) > +/sin AcosBcosC Sg ?
3> a
311 a) Doy Mo Moy 927 22,

m, m, m, 2)a’ +Zbc

Adil Abdullayev, Baku, Azerbaidjan

3 a
b) ma + mb + mc Z
m,+m, m +m - m +m 4Za +22bc
3 a
c) My + M + Me L Z +2|,unde A =0.
m, +Am,  m_+Am,  m,+Am, 2l 2) a’ +Zbc

P r®_(4R+1)(R=r)

312. ) 2+ 4> Adil Abdullayev, Baku, Azerbaidjan
r

r, A 2R—-r
3 3 3 -
LA S 2(4F€+r) (R-r)
nL+r r+r, r+rn 2(2R—r)
3 3 3 4R+r)’(R=r
0) o o S 1 ( ) ( ),undeKZO.
n,+Ar  r+Ar, r+Ar A+l 2R-r
3 3 3
d)h_a+h_b+h—°_[2rj (9R? =5Rr +r?).
hb hc ha R
3 3 3
e) h_, h R >1(2rj (9R® —5Rr +r?).
h,+h. h+h h+h 2(R
3 3 3
H h, hy hg > - (er (9R2_5Rr+r) unde A = 0.
h, + Ah, h+kh ha+7»h A+l





